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Abstract. We consider a dynamical system consisting of a pair of commuting 
power series, one noninvertible and another nontorsion invertible, of height 
one with coefficients in the p-adic integers. Assuming that each point of the 
dynamical system generates a Galois extension over the base field, we show 
that these extensions are in fact abelian, and, using results and considerations 
from the theory of the field of norms, we also show that the dynamical system 
must include a torsion series of maximal order. From an earlier result, this 
shows that the series must in fact be endomorphisms of some height-one formal 
group. 



1. Introduction 

The study of p-adic dynamical systems has seen increased interest over the past 
two decades, reflected most recently in a new MSG category: Arithmetic and non- 
Archimedean dynamical systems. This note is concerned with three overlapping 
ways of looking at such systems — formal power series that commute under compo- 
sition, iterated morphisms of the open p-adic unit disc, and galoisness of extensions 
that are obtained by adjoining zeros of dynamical systems. Indeed, the proof of 
the main result in this note can be viewed as relating commuting power series 
to formal groups, analytic maps of the open unit disk to locally analytic galois 
automorphisms, and galois towers to automorphism subgroups of residue fields. 

1.1. Notation and motivation. Our power series have no constant term in order 
for composition to be well defined and finitary. Also, their linear coefficients are 
nonzero to exclude trivial cases. We adopt therefore some of the notation of [8]. 
Let (?°" be the n-fold iterate of g with itself under composition. For a commutative 
ring R, let So{R) = {g e RM \ giO) = and ^'(O) ^ 0}. Let GoiR) = {g e 
So{R) I g'{0) e R^} be the group of series that are invertible under composition. 

Suppose F is a finite extension of Qp with ring of integers O, maximal ideal m, 
and residue field k = O/m. Denote by vp the unique additive valuation on any 
algebraic extension of F normalized so that vp{F^) = Z; for simplicity, Vp will be 
used instead of uq^ . Let m^'s be the maximal ideal in the integral closure of O in 
F^^^, an algebraic closure of F. 

The Newton Polygon of g{x) = ^ fliX* G 0|a;], denoted M{g), is the convex 
hull of the sequence of points {i,VF{ai))- If J^{g) has a segment of horizontal 
length £ and slope A, then g has, counting multiplicity, precisely £ roots in F^'s 
of F- valuation A. We are interested in roots that lie in m'^'S; these correspond to 
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segments of the Newton polygon of negative slope. To that end, we define [g) 
to be the portion of M{g) consisting of segments whose slopes are negative. 

Let g{x) = ^ CLiX^ S k\x\ be the coefficientwise reduction of g to k. The 
Weieistiass degree of g, denoted oiAxig), is defined to equal oo if 5 = 0, and 
min{i | 7^ 0} otherwise; the Weierstrass degree of g is defined to equal orda;(.g). 
The p-adic Weierstrass Preparation Theorem (WPT) asserts that if ordxig) < 00 
then there exists a unique factorization g{x) = P{x)U{x), where P{x) S 0[x\ is 
monic of degree ovdx{g) and U{x) G 0\x\ has a multiplicative inverse, and hence no 
zeroes in m^'^. Moreover, the roots of P{x) and g{x) in m^'^ coincide; consequently, 
so do M{P) and M^{g). See 5, Chapter IV] for a more details on Newton polygons. 

If /, u G 50(0) such that / is noninvertible and u is invertible, let 

Kf{n) = {tt e m^'s I = 0} and A/ = U„>oA/(n); 

K{n) = {tt erne's I u°P"(7r) =7r} and A„ = U„>oA„(?i). 

Observe that n > 0, A/(n + l)\A/(n) consists of roots of f{x) — tt as tt ranges 
through Af{n)\Af{n - 1). Let flf{n) = A/(n)\A/(n - 1). 

Although formal groups are not explicitly visible in our results, they provide 
part of the motivation, which we discuss briefly next. We will call /, u G 50(0) 
a commuting pair if / is noninvertible and u is nontorsion invertible. Commuting 
pairs share certain characteristic properties with formal group endomorphisms. For 
example, Af = A„ by [H Proposition 3.2]. Also, orda;(/) is either infinite or a power 
of p by [8j Main Theorem 6.3]. Both of these results are important properties of 
formal group endomorphisms. Thus, Lubin suggested that commutativity may be 
enough to indicate the existence of "a formal group somehow in the background" 
[H page 341]. Counterexamples to naive statements and proofs of special cases of 
this conjecture are both known, though a general case remains elusive. For a more 
detailed discussion of the issues involved in a precise statement of the conjecture, 
see [n]. 

Let e = p — 1 ifp>2 and e = 2 if p = 2. The following special case of Lubin's 
conjecture, proven in Theorem 1.1], makes use of a torsion third series of order 
e in the dynamical system: 

Theorem 1.1. Let f,u,z^ iSo(Zp) such that f,u is a commuting pair with ordx{f) — 
p andvp{f'{0)) = Wp(u'(0) — 1) = 1, and if p = 2 then additionally V2{u' (0)'^ ~1) — 3. 
Suppose also that z is torsion of order e and commutes with f . Then there exists a 
formal group F over Zp such that f,u,z€ Endzp(-F)- 

It is a straightforward corollary to this theorem that Qp(7r)/Qp is Galois for all 
TT € Af. We will show that, conversely, the Galoisness of Qp(7r)/Qp is sufficient to 
guarantee the existence of the torsion series. 

Let S = 1 Hp > 2 and S = 2 if p = 2. We will call a commuting pair f,u£ iSo(Zp) 
minimal when 

• ord2,(/) = p; 

• Vpifm = 1; and 

• vp{u'{0) -1) = 5. 

Note that the condition on Vp{u'{0) — 1) when p ~ 2 is slightly different than the 
one in [11 , though the two are equivalent in the contexts we consider. Our main 
result is the following: 
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Main Theorem 1.2. Suppose f,u Cz iSo(^p) is a minimal commuting pair. If 
Qp(7r)/Qp is Galois for each tt S A/, then there exists a torsion series z G iSo(2p) 
of order e commuting with f and u. 

Remark 1.3. By [S] Propositions 1.1 and 1.2], there exists a unique power series 
Lf{x) e Qplx] for which L^(0) = 1 and L/ o / = f'{0)Lf. And for each a € Qp 
there exists a unique [a]f G Qp|a;] such that [a]'y(0) = a and [a]f o / = / o [a]f. Let 
be a primitive e"^ root of unity, and let z = [Ce]/ G Qplx]. In order to prove our 
main resuh, we need show only that z S Zp|a;]. 

2. Roots and fixed points 

The integrahty of the torsion series z wiU rely on the existence of a torsion series 
of the same order in Qo{¥p) that commutes with / and u. More generally, it will 
rely on information about the structure of the normalizer of u in Go(¥p) that follows 
from the theory of the fields of norms. We begin this section with a brief overview 
of fields of norms, culminating in [6l Theoreme 5.9]. 

Suppose if is a local field with residue field k of characteristic p > 0, L/iiT is an 
infinite totally ramified abelian extension, and £l/k = {E \ K C E C L and [E : 
K] < oo}. Let Xk{L)* = lim E* , where the transition morphisms are the norm 

maps, and let Xk{L) — Xk{L)* U {0}. An element a of Xk{L) is therefore an 
indexed family {oiE)Ee£L/K such that whenever E' D E then N^' /si'^E') — ole- 
Remarkably, the set of norms Xk [L) turns out to be isomorphic to the local field 
K,{{x)). Multiplication is defined in an obvious way in light of the multiplicativity 
of the norm map: if a,/? G Xl{K) then aj3 = {aEPE)E G £l/k- Addition is not 
as obvious: for E G £l/Ki the norms Ne'/e{c^e' + Pe') converge over E' G £l/e 
to an element G E, using which one can define a + P = ijE)Ee£L/K- Finally, 
vx^/iii'^) be defined as VE{aE), which is independent of E. The image of 
Ga\{L/K) under Xk{*) is a closed subgroup of the automorphism group of k{{x)). 

Conversely, certain subgroups of the automorphism group of k{{x)) arise as im- 
ages of Galois groups under the field-of-norms functor. The Nottingham group 
Nott(K) = {g{x) G So{k) I g'{0) = 1} has ehcited interest among group theorists 
because every countably-based pro-p groups can be embedded in it, and as such, 
it contains elements of order for all n; the shape of such torsion elements will 
be important for the proof of our main result when p = 2. The Nottingham group 
is also the group of normalized automorphisms of the field k{{x)). Some of its 
subgroups, like the one generated by u, arise as images of Galois groups under the 
field-of-norms functor. See [TJIll for more information about the Nottingham group, 
[21 13] for the original construction of the field of norms, and [6j for applications of 
the field of norms to p-adic dynamical systems that we make use of next. 

If a; G Nott(K), let z„(w) = OTdx{uJ°^ (x) — x) — 1. This sequence of integers, 
called the lower ramification numbers of to, measures the rapidity with which uj°p 
approaches the identity. According to Sen's Theorem [T^], if {x) ^ x then 
in{ui) = z„_i(a;) mod p". Let e{uj) = lim„^oo(p — ^)in/p^~^^- In light of Sen's 
Theorem, e{uj) is finite in those cases when approaches the identity as slowly 
as possible. Note that the factor p—l normalizes e(w) so that, when finite, it is an 
integer. 

Let Au, — I a G Zp} be the closed subgroup of So generated by uj. The 

separable normalizer of Au, is given by Norm^°P(^i^) = {i9 G Kfx] \ "d' ^ and -d o 
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uj o ■d°-^ £ A}. By [6, Proposition 5.5], Norm^^P ) is in fact a group, and [Q 
Theoreme 5.9], quoted next, characterizes this group in the case that uj approaches 
the identity slowly. 

Theorem 2.1. Let k be a perfect field and uj G So{k) such that e{uj) < oo. Then 
Norm^i^^ (Aui) is an extension of a finite group of order dividing e{uj) by the group 

Proof Outline. The field-of-nornis functor associates to Auj the group Ga,l{L/K), 
where L/K is an infinite abelian totally ramified extension of local fields with 
residue field k. As such, the lower ramification numbers of u correspond to the 
lower ramification numbers of Gal{L/K), and e(w) corresponds to the absolute 
ramification index of K, namely, [K : Kq], where Kq is the field of fractions of 
the Witt ring over k. Let AvLt{L/K) be the group of automorphisms of L that 
send K to itself and that act trivially on the residue field. The restriction map 
Aut{L/K) Ant{K) has kernel Gal(i/i<r). The order of its image divides [K : 



2.1. The lower ramification numbers of u. For the remainder of his section, 
we will consider the roots of / and its iterates in order to show that e{u) = e = 



Continue to denote by F a finite extension of Qp with ring of integers O, maximal 
ideal m, and residue field k. 

Lemma 2.2. Suppose f G So{0) such that ordx(/) = p and wf(/'(0)) = 1. Then 
the roots of f°^ in m'^'s are simple for all n. Moreover, i/tt G ^f{n) then F{tt)/F 
is a totally ramified extension of degree {p~ l)p"^^ , and ir is a uniformizer in F('k). 

Proof. Using WPT, write f{x) = Pq{x)Uq{x). Note that consists of the roots 

of Pf){x)/x. By the hypothesis on /, M{Pq{x)/x) consists of a single segment from 
(0, 1) to [p ~ 1,0). So Pq{x)/x is a degree p — I Eisenstein polynomial over O. 
Therefore, the roots of Po{x)/x are simple, each with F-valuation l/{p — 1), and 
each generating a degree p — 1 totally ramified extension of F. 

Proceeding by induction, assume that the result holds for some n > 0. Let tt € 
nf{n). Using WPT again, write f{x) - tt = Pn{x)U„{x), where P„{x) S (0[7r])[a;] 
is a polynomial whose Newton polygon consists of a single segment from (0, 1) to 
{p, 0); that is, Pn{x) is a degree p Eisenstein polynomial over 0[tt]. Thus, the roots 
of f{x) — IT are simple, each of _F'(7r)-valuation 1/p, and each generating a degree 
p totally ramified extension of F{tt). Finally, if tt' G ^f{n) with tt' 7^ tt, then the 
roots of f{x) — TT and f{x) — tt' are distinct. □ 

Lemma 2.3. Suppose f G So{0) such that ord^if) = p and vp{f'{0)) = 1. Let 
TT G flf{l). Then F{t:)/F is Galois. Also, for a fixed primitive p — 1 root of unity 
Cp-i, and for each < i < p — 2, there exists a unique tt^'-* G i^/(l) such that 
TT^*) = Cp-i^r mod m^. 

Proof Using WPT as in Lemma write f = PqUq and note that Wp(Po(0)) = 1 
and Po{x) = x^ mod p. Therefore, Pq is an endomorphism of a height-one formal 
Zp-module (see [E])- Since the roots of / and Pq coincide, the result follows. □ 

Corollary 2.4. Gal(i^(7r)/F) is cyclic of order p ~ 1. 



Ko]. 



□ 




, and hence apply Theorem 12. ll to Au 
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Proof. The Galois group is generated by tt tt^-^^. □ 

We next quote [H] Lemma 1.2] for reference. 

Lemma 2.5. Suppose 31,(72 G SoiO) such that < wf(3'i(0)) = i'f(.92(0)) < 
and every root of gi in m^^^ is also a root of g2 of at least the same multiplicity. 
Suppose further that gi ^ 5o(m). Then N~{gi) = M^{g2), arid so the roots of gi 
and g2 in m^^^ coincide. 

Lemma 2.6. Suppose f,u E So{0) is a commuting pair such that fp(/'(0)) = 
Vp{u'{0) - 1) = 1 and ordx(/) = p. Then A/(l) = A„(0). 

Proof. If vr is a nonzero root of /, then u{f{T:)) — fiuiji)) ~ 0. Thus u(tx) is 
another nonzero root of /, and by the hypothesis on u'(0), it is in fact of the form 
u{'k) — n + TT^d for some d G Zp|7r]. By Lemma [231 u{tt) = tt^^^ = tt. So every root 
of / is also a root of u{x) — x. The desired conclusion follows by Lemma [2751 □ 

Proposition 2.7. Suppose f,u € So(Zp) is a minimal commuting pair. Let 6 = 1 
if p > 2 and 5 = 2 if p = 2. For all n> S, if tt e ^f{n + 1), then u°''{tt) = u°^tt) 
if and only if p"^^^^ \ j — i. Moreover, Aj(n) = A„(n — S). 

Proof. Suppose p > 2. By Lemma \2M A/(l) = A„(0). Proceeding by induction, 
assume that A/(n) = A„(ri — 1) for some n > 1. Let tt G r2/(n + l), and consider the 
series /°"(a;) - /""(tt), which has p" roots in m'^^s. Since /""(tt) e A/(l), for any 
i > we have w°*(/°"(7r)) = /""(vr) = /°"(u°'(7r)), so u°''{tt) e + Suppose 
that for some j and j we have (tt) = (tt), and so (tt) = tt. If^T^j, write 

j — i = rp'' with p \ r. Applying Lemma l2.5l to it°^ {x) — x and u°''"^ {x) — x, we get 
u°P (tt) = TT. This is impossible if s < n — 1, since tt ^ A/(n) = A„(n — 1) D A,((s). 
A similar argument shows that u°f" (tt) = tt. Therefore, Af{n + 1) C Au(n). By 
Lemma [2751 Af{n + 1) = A„(n), concluding the proof for odd primes. 

Suppose p = 2. The inductive step of this proof will be similar to the p > 2 
case, but we must first show that A/(2) = A„(0) and A/(3) = A„(l). Suppose 
a is the nonzero root of /. Lemma 12.21 implies V2{a) 1 = V2{u(a)). Since 
f{u{a)) = 0, then a S Au{0). Let /?,/?' be the two roots of f{x) — a. Then 
«2(/3) = V2il3') = 1/2. Also, {u(/3),u(/3')} = so that I3,l3' 6 A„(l). (We 

will later show that u fixes /3 and (3'.) Next, let 71, 72 be the two roots of f{x) — /3. 
Thus u°^{P) =13 = u°^{f{-fi)) = /(u°2(7i)), and so u°^{-fi) = 71 or 72. We show 
the impossibility of the latter case by considering V2 (72 ^ 7i ) • 

Recall that by Lemma 12. 6[ a is the only element of A/ = A„ of Q2-valuation 
1, /?! and P2 are the only elements of Q2-valuation 1/2, and all other roots have 
Q2-valuation 1/2*^ for k > 2. Therefore, N~ (u°'^{x) — x) must have a segment of 
length 1 and slope —1, and one segment of length 2 and slope —2, and all other 
segments of slope —1/2'^ for k > 2. The dotted line in Figure [T] corresponds to the 
smallest possible slope for the third segment of N'~{u°^{x) — x). 
So if u°'^lx)-x = Y.ibtx\ then 172(61) = 3, ^2(62) = 2, W2(63) > 2, 1)2(64) = 1, and 
^2(6.0 > 1 for 5 < i < 7. Thus W2(u°^(7i) - 7i) > min,{?;2(6i7i)} = niini{t;2(6i) + 
i/4} > 2. 

But 71 and 72 are roots of an Eisenstein monic quadratic polynomial over Zp , 
and so (72 — 71)^ = 6^ — 4c, where V2{h) > V2{c) = 1/2. Since 1)2(6^) is an integer 
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while t'2(4c) = 5/2, the isosceles triangle principle guarantees that 

ri/2 ift;2(5) = l/2 
^^2(72 - 71) = < 1 if V2{b) = 1 

[5/4 ift;2(6)>3/2 

Therefore, u°^(7i) cannot equal 72. A similar proof shows that the roots of f{x)—f3' 
are fixed points of M°^(a;), so that A/(3) C A„(l). Lemma [2.51 implies A/(3) = 
A„(l). Finally, noting that A„(0) C A,i(l) and that u must fix two points in 
addition to and a, we conclude that /?,/?' £ A„(0). 

The inductive step for p = 2 follows a proof similar to that of p > 2. Assume 
that A/(n) = Ati(n — 2) for some n > 3. Let vr G ^f{n + 1), and consider the 
series /°"(cc) - /""(tt). Since /""(tt) e A/(l), for any i > we have u"(/°"(7r)) = 
/°"(7r) = /°"(u°'(7r)), so u°\-k) Vtfin + l). Suppose that for some i and j we 
have u°*(7r) = u°^{tt), and so M°'^^^*'(7r) = tt. If i ^ j, write j — i — r2^ with 2 | r. 
Applying Lemma [2.51 to it°^ (cc) — x and (a;) ~ a;, we get (tt) = tt. This is 
impossible if s < n — 2, since tt Aj(n) = A„(n — 2) D A„(s). A similar argument 
shows that ^tt) = tt. Therefore, A/(n + 1) C Ai,(ri - 1). By Lemma [2?5l 

A/(n + 1) = A„(n - 1). □ 

Corollary 2.8. Suppose f,u^ So{1ip) is a minimal commuting pair. Then e(u) = 
e = \^ ^. In particular, Normp''^(^a) is an extension of a finite group 

of order dividing e by Aa . 

3. AbELIAN extensions AND TORSION SERIES 

Consider the following notation: 

Kn = Qp(A/(n)) K = U„>i/f„ 

0„ = Gal(X„/Qp) = lim©„ = Gal(if/Qp) 

For the remainder of the note, we will assume that for each n, Kn is generated by 
any single element of J7/(n), or equivalently, Qp(7r)/(Qp is Galois for all tt G A/. In 
this section, we show that & is abelian, and that u commutes with a torsion series 
of order e. 

Call a sequence {7r„}„>o of elements in A/ f -consistent if ttq = 0, tti 7^ 0, and 
/(•TTn+i) = 7r„ for all n > (see O Page 329]); in particular, 7r„ G ^^/l?^) for all 
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71 > 0. By Lemma [221 for n > 0, Kn/Qp is totally ramified of degree {p — ^ 
and |G„| = 

Fix an /-consistent sequence {7r„}„>o and let u„ G ©„ be defined by u„(7r„) = 
M(7r„). Since the coefBcients of u are fixed by u„, we have u^ (7r) = u°'(7r) for all i. 
Clearly, Ui is trivial, as is (Si if p = 2. 

Lemma 3.1. Suppose f,u E 5o(Zp) is a minimal commuting pair, and Qp(7r)/Qp 
is Galois for all t: G A/. 

(1) If p > 2, t/ien t/ie Sylow p- subgroup of &n is cyclic and generated by Un for 
all n > 1. 

(2) If p — 2, then ©„ contains a cyclic subgroup of order 2"^^ generated by u„ 
for all n>Z. 

In both cases, u„+i|0„ — u„, and so u ~ limu„ generates a procyclic subgroup of 
© of index 2 . 

Proof. The result follows immediately form Proposition 12.71 If p > 2, u*^ = 1 if 
and only if \ i. If p = 2 and n > 3, u*^ = 1 if and only if p"~^ \ i. In both 

cases, u„+i(7r„) = u„+i(/(7r„+i)) = /(u„+i(7r„+i)) = / o u(7r„+i) = u o /(7r„+i) = 
u„(7r„). □ 

Lemma 3.2. Suppose g, f) £ © and g,h £ So{1ip) such that for some n e K, 
g(7r) = 5(71') and [)(7r) = /i(7r). T/ien 0f)(7r) — ho g{7r). 

Proof. A direct computation yields the result: gf)(7r) = Q{h{n)) ~ /i(g(7r)) — ho 
gin). □ 

Lemma 3.3. Suppose /ii, /12 S fl'^'^ ^ is an integer such that ft.i(7r„) = /i2(7r„) 

morf TT,^ for infinitely many n. Then hi{x) = h2{x) mod . 

Proof. Suppose hi{x) = h2{x) + rfx™ mod a;™+^ for some d G and m > 0. 
Pick n large enough so that Wp(7r™+^) < 1 and /ii(7r„) = h2{'Kn) mod tt^. Then 
/ii(7r„) = h2{7Tn) + dir™ mod 7r™+^, which implies m > k. □ 

Remark 3.4. Let tt G f2/(n). The Galoisness of Qp(7r)/Qp is equivalent to the 
following: for each tt' G ^f{n) there exists a 17^' G GoC^p) such that g-^'i^) = 
tt'. As such, all the Galois automorphisms are "locally analytic." On the other 
hand, the relation between u, u„, and u suggests that at least some of the Galois 
automorphisms are "globally analytic"; in fact, our main result aims to show that 
they all are. We take a step in that direction by partially extending the relation 
between u, u„, and u to other elements of the Galois group. For g G <S, write 
0(7r„) — Yl^i '^i^riT^ni where the coefficients Ci_„ are Tcichmiiller representatives, 
and let gn{x) = Y^^i'^i.nX^ ■ Note that 0*(7r„) = 5°i*(7r„) for all i. We will call 
the sequence {gn} the realization of q. Let F = {X^i^i Ci^^* S 5o(Zp) | cf — ci}. 
The topology of Zp|a;] induced by the additive Z- valued valuation Vx is equivalent 
to the product topology of when each copy of Zp has the discrete topology. 
Tychonoff's theorem thus implies that F is a compact subset of Zp|x]. So {gn} 
must have an accumulation point <? G F. 

Lemma 3.5. With the above notation, if {gn} is a realization of g £ & with an 
accumulation point g, then g G NormFp(u). 
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Proof. By Lemma [3?2l ug(7r„) ~ gn o u(7r„) and 0U*(7r„) = u°* o (jf„(7r„) for all n. 
Let {g-nt} be a subsequence of {gn} which converges to g. Given fc > 0, pick I large 
enough such that ii £ > I then g{x) = gne{x) mod x'^. Thus, ii £ > I, we have the 
following congruences mod vr^^ . 

gouijTn) = ug(7r„J 
= 0U*(7r„J 

ot / \ 

= U O gn{Tlni) 

Lemma 13.31 implies u o g = ^ o -0°* mod . Since k was arbitrary, our result 
follows. □ 

Remark 3.6. Suppose g and g are as above. Then g — XkAq) only if the /- 
consistent sequence {7r„}„>i is norm-consistent too — that is, \i Nx^^/K„{''^m) — T^n 
whenever m > n. 

3.1. Proof that & is abelian if p > 2. 

Lemma 3.7. Suppose p > 2, f,u E 5o(Zp) is a minimal commuting pair, and 
Qp(7r)/(Q)p is Galois for alln G A/. Then for all n > 1 there exists an automorphism 
tt)n e of order p — 1, and rD„+i|0„ — tTi„. 

Proof. Following Lemma [2.31 and CoroUarv 12.41 let Cp-i be a primitive p — 1 root 
of unity, and let toi be the generator of ©i given by fD(7ri) = Cp-i""! n^od nf. 
Proceeding by induction, suppose for some n > 1 there exists a rD„ G ©„ of order 
p — 1. Let rb„+i e 25n+i be any lifting of «„, and let fD„+i = ^n+i- ^ 

Lemma 3.8. Suppose p > 2. Let — tn„(7r„). Then is an f -consistent 

sequence, and /?„ = Cp_i7r„ morf tt^. 

Proof. The /-consistency can be directly verified: f{pn+i) = /(tOn+i ('''n+i)) = 
rD„+i(/(7r„+i)) = rD„(7r„) = p„. 

Lemma 12.31 provides the second part of the result for n — 1, so we proceed by 
induction on n. Suppose that for some n > 1, /?„ = ^p_i7r„ mod tt^j. By Lemma [2?2l 
Vp{^l) = 2/(p"-i(p-l)) > Vp{^lX\) = and so p„ = Cp~i^„ mod 

Trfj^^. By our hypothesis on the commuting pair, f{x) = ax^ mod (p, x^^^) for some 
a G Andby Lemma[2Jl = ^;p(pf,ti) = < 1 = Vp{p). 

Thus, pn = /(pn+i) = apj^+i mod n^Xi- Fmally, Cp-i^^n = Cp-ifi'^n+i) = aT^n+i 
mod ttJ^^^. Therefore, ap^^^ = (^p^iairf^^^ mod ttJ^^^, which implies our result. □ 

Proposition 3.9. Suppose p> 2 and f,uG So{Zp) is a minimal commuting pair. 
IfQp{'^)/Qp is Galois for all tt S Ay then <& = Zp-i x Zp. In particular, © is 
abelian. 

Proof. Let to = limit) „ and u — limu„. Then (u) = Zp is a normal subgroup of © 

since for each n, u„ generates the unique Sylow p-subgroup of ©„ by Lemma |3. II 
Therefore, rouro"^ = u* for some t e Zp. Moreover, trutD"^ = wPutv~P = u*". So t 
must be a p — 1 root of unity. We will complete the proof by showing that t = 1 
mod p, and hence t = I. 

Following the notation and result of Lemma 13.81 write p2 = Cp-i''''2 + C27r| -|- 
C37r| + • • • with Ci G Zp. Recall from the hypothesis on the commuting pair that 
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u{x) = X + bx^ mod (p, x^^^) for some b £ , and so u°*'{x) = x + tbx^ mod 
(p, a;^^^). The following congruences are mod t^2^^ ■ 

P2 + bCp-iTT^ = p2 + bp^ 

= U{p2) 

= u{tv{TT2) 

= tv{u{TT2)) 

= rDu(7r2) 

= U*tt3(7r2) 

EE u*(Cp-i7r2 +C27r| + C37rf H ) 

= Cp-iu*(7r2) + C2U*(7r2)^ + C3U*(7r2)3 + • • • 

= Cp-lU°*(7r2) + C2U°*(7r2)2 + C3U°*(7r2)3 + • • • 

= Cp-1 (^2 + tbTT^) + C27r| + caTrf H 

= P2 + ^&Cp-l7^2• 
Therefore, i = 1 mod p, concluding the proof. □ 

Corollary 3.10. Suppose p> 2. Then ©„ = Zp^i x Zp^-i. 

3.2. Proof that © is abelian if p = 2. 

Proposition 3.11. Suppose p = 2 and f,u(^ 5o(Zp) is a minimal commuting pair. 
If Q-2iT^) /Q.2 'is Galois for all t: G Af then © = ^2 x Z2. In particular, © is abelian. 

Proof. Write f{x) = ip{xP) where 1^9(2;) G So{¥p). Observe that ip and u commute. 

If iy9 G Au, then ip — u°*- for some t £ Zp. Therefore, u°~*o/ has the following two 
properties: it is congruent to x^ mod p, and its linear coefficient is a uniformizer in 
Zp. In other words, o / is an endomorphism of a height-one formal Zp-niodule. 
Since / and u commute with it°^* o /, they must both be endomorphisms of the 
same formal group. Our result follows. 

If (/? ^ Au, then by Theorem l2.1[ Norm^°''(^{i) must be abelian. By Lemma [331 
© must be abelian as well. 

Let %(2) = and 17/(3) = {71,72,7^72} such that /(71) = /(72) = /3 

and /(7O = 7(72) = l3'. From Proposition [2Jl we know that U2(/3) = it(/3) = /?', 
and so U3(7i) is a root of f{x) - /3'; say U3(7i) = m(7i) = j[. Since 71 £ A„(l), 
u|(7i) = u°^(7i) = 71- Clearly, U3(72) = 72- Let 1133 e ©3 be given by 1133(71) = 72- 
Then 1133(71) — 1133(72) = 71 since U3(72) = 72- Thus, ©3 contains two elements of 
order 2, and so it is not cyclic. □ 

Corollary 3.12. Suppose p = 2. Then for n > 2, ©„ = Z2 x ^2^-2. 

Corollary 3.13. The group Noim^^ (Au) is abelian. 

The /-consistent sequence defined in Lemma 13.81 for p > 2 has an analogue for 
p = 2: let ti3 G © = Z2 X ^2.1-2 be the generator of Z2, and define pn = n3(7r„). For 
each n, write the 7r„-adic expansion of pn as pn — ti3(7r„) = Ci^iT^n, where ci^„ 

is a fixed primitive p—1 root of unity Cp-i, and „ = Ci^„. Let Wn{x) — X^i^i Ci.nX*. 
Recall from Remark 13.41 that {wn} is a realization of ro in the compact set F, and 
so it has a convergent subsequence } and a corresponding accumulation point 
w. 
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Lemma 3.14. Suppose p = 2. Then w„ = x -\- mod x^ for all n, and so 

w{x) = X + x'^ mod x^ as well. 

Proof. This follows from the fact that K2 ^ K'"; see for instance [13l Chapter 
IV]. □ 

3.3. Torsion series over Fp. We end this section with the construction of a torsion 
power series over Fp of order e that commutes with / and u. 

Proposition 3.15. Suppose /, u G iSo(Zp) is a minimal commuting pair. Then w 
commutes with u. Moreover, w is torsion of order e = e{u). 

Proof. For A; > 0, pick I such that ii£ > I then fp(7r^j^^) < 1 and Vx{w—Wni) > k+1. 

By Lemma [3?2l rDu(7r„) = uoi(;„(7r„) and urD(7r„) = t(j„oit(7r„) for all n. Recalling 
that G is abelian, we have the following congruences mod 7r^+^ for £ > I. 

wow(7r„J = wow„(7r„J 
= rou(7r„, ) 
= utt)(7r„J 
= w„ou(7r„J 
= wou(7r„J 

By Lemma 13.31 u o w = w o u mod x''^^ . Since k was arbitrary, it follows that 
u o w = w o u . 

li £ > I, then 7r„^ — rD'^(7r„J = ti;°'^(7r„J = w°'^(7r„J mod ir^f^. By Lemma \3l3\ 
'w°'^{x) = X mod x*'^^. Since k was arbitrary, we see that the order of w divides e. 
If p > 2, then the order is exactly p — I because w'{0) is a primitive p — I root of 
unity. If p = 2, then the order of w is 2 by Lemma [3. 141 □ 

Corollary 3.16. Suppose 9 G iSo(Fp) is a torsion series of order e that commutes 
with u. Ife'{0) = w'lo) then 0^w. 

Therefore, w is independent of the choice of {wn}- 

By lU Corollary 6.2.1], the noninvertible half of a commuting pair must be of 
the form f{x) — ip{xP ) for some d > and if £ nfx] invertible; d is called the 
radicial degree of /. Since our commuting pair is minimal, then d ^ 1. 

Corollary 3.17. The power series w and if commute. 

li p = 2, then w G Nott(F2). Torsion elements of the Nottingham group are 
well understood and well behaved. For instance, all torsion elements of Nott(Fp) 
have order p'^ for some d. Moreover, since any pro-p group can be embedded in 
Nott(Fp), then in fact there exists a torsion element of order p'^ for every d. Two 
torsion elements of order p, x + ax^ + ■ ■ ■ and x + hx™ + • • ■ , are conjugate over 
Nott(Fp) if and only if a = 6 and £ — m. The situation is slightly less tidy for d> 1. 
In fact, for some time, "an element of order p^ [was] still not known" ([1, page ]). 
In [5], the results of [31 are generalized via local-class- field-theoretic methods that 
associate to torsion elements of Nott(Fp) certain characters on 1 -I- xFp|a;|, and 
explicit elements of any order are exhibited. 

Corollary 3.18. Suppose p = 2. Then w{x) is conjugate over Goi^p) to '^iLi ■ 



Proof. This follows directly from 4, Theorem ]. 



□ 
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4. Proof of main result 

Recall from Remark 11.31 that if C,e is a primitive e*'' root of unity, then z{x) = 
X^i^i '^j'^* ~ [Ce\f{^) = -^/"^ {CeLf{x)) G ^o(Qp) is the unique e-torsion series with 
linear coefficient di — Ce that commutes with / and u. Let Zfc(x) = X)i=i '^i^^ ^^'^ 
continue to write f{x) = Yl^i Clearly, ziix) = C,eX G t/o(^p) and zio/ = fozi 
mod x'^ . Moreover, if p = 2 and Z2{x) = —x + d2x'^ , then f o Z2 = Z2 o f mod x^ 
implies d2 — 202/ (af — ai) G . 

The proof of our main result, that z G QoCZp), will proceed inductively. Let 
S — 1 ii p > 2 and S ~ 2 ii p = 2. Suppose for some k > S that Zk G Qo{Zp) and 
Zk o f = f o Zk mod 2;'^+"'^. For = Zfe(a;) + to commute with f{x) 

mod x'^''"^, we must have 

4+1 (a^^^ - ai)x''+^ = f ozk{x) - Zko fix) Taod x^^"^ 

Therefore, our proof will be completed once we show that / o Zk{x) — z^o f[x) = 
mod x^^"^ in Proposition 14.41 below. 

Recall that {7r„} is a fixed /-consistent sequence, tr G © is an automorphism of 
order e, and p„ — tT)(7r„) is /-consistent as well. The proof of the main result will 
rely on the relationship between the valuation of p„ — (?(7r„) for some g G QoCZp) 
and the extent to which the series g commutes with /. We explore that relation in 
more detail in the next three lemmas. 

Lemma 4.1. Suppose for some n > 0, p„ = .g(7r„) -I- Cm.nT^™ mod tt™"*"^, where 
g G and Cm.n G • Suppose further than fog = g ° f mod x'^'^^ . If 

m ^ p^^^ then mp > imii{vK„{pn-i — 9(^^71-1)), k + 1}. The inequality is strict if 

Proof Write p„ = .g(7r„) -|- c,„,„7r^ -|- Dtt^+i for some D G Zp|7r„]. Then 

00 

/(p„) = ^a,(g(7r„)+c„,,„<"-f d<"+i)^ 
1=1 

= /(5(^„)) + aic™,„< + ap(c„,„^™)P + D^pn^+^ + C2(^™+')^ 

where Di,D2 G Zp|^„]. If m ^ then p"-i(p - 1) + m = WK„(aic„,„0 ^ 

VKn{<ip{cm,n''^^Y) = mp, and so by the isosceles triangle principle VK„ifiPn) — 
/(^(■^n))) = Wi^,.(aiCm,„7r™ -I- ap(cm,„7r;j')P). But /(p„) - /(g(7r„)) = p„_i - 
^(Trn-i) + Mtt'^j^^ for some A/ G Zp|7r„[. Therefore, 

mp > min{p"^^(p — 1) + m, mp} 

= w/f,.(aiCm,„7r" + ap(cm,„7r")P) 
= ^^/f„(/(P«) - /(^(Trn))) 
= VK„iPn-i - g(7r„_i) + A/tt^+I) 
> min{i;K„(pn-i -g(7r„_i)),/c+ 1} 

□ 

Lemma 4.2. Suppose g G GoC^p) and n > 6. For each c G t/iere exists a unique 
integer 1 < j < p — 1 depending on c, g'{0), and n such that g o u°^p (iTn+i) — 
ff(7r„+i) = c<+i mod 
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Proof. By Proposition[121 ord^(w°P" (x)) = p". Write u°p" {x)-x = J^Zi btx'- 
Thus, 6p.. e Z^, and if 1 < i < p" then Wi^„+i > -!)+«> p"- So 
1*°^ (TTn+i) = TTri+i + 6p"7rJ^+i mod TT^^^ ■ A dircct computation then shows 
n°jp (TTn+i) = 7r„+i + jbpiTT^^i mod 7r^_f_^"'^. So the proof is complete by solving 
for j in jg'{0)bpn = c mod p. □ 

Lemma 4.3. Suppose h G 5o(Zp) s^c/i i/iaf /i'(0) = Cp-i > 2 and = x + x^ 
mod x^ if p = 2. If f o h{x) — ho f{x) = mod x'^^^ , then there exists ^ e Zp 
such that VK„{pn — ho u°^(7r„)) > (fc + for all n. The inequality is strict if 
VK„{apTr^P) > VK„{ai7Tll^). Moreover, VK„{pn - ho u°^(7r„)) ^ p""^ 

Proof. We will construct a Cauchy sequence of integers {in} for which vk^ {ps — ho 
u°^"(7rs)) > {k + l)/p whenever s < n. 

Let ii — 0. If pi = /i(7ri) the result follows trivially. If not, write pi = /i(7ri) + 
Cm.iTT™ mod TT™'*'^ for some c„i,i £ . Note that m > 1 = p*^ by Lemma [^751 and 
so p — 1 + m < nip. Therefore, by Lemma |4.1[ mp > miTi{vKi (0), fc + 1} = A: + 1. 

If p 2, let ^2 = as well. The result follows trivially if p2 = h{7r2). Otherwise, 
write p2 = h{'K2) + Cm,2'^2^ mod tt™^""^ for some Cm,2 G ^2 • Note that m > 2 
by Lemma I3.14[ and so 2(2 — 1) + m < 2m. Therefore, by Lemma 14. li 2m > 
minlvK^iPi - h{'^i))i fc + 1} = fc + 1- 

Suppose that for some n > 6 + I there exists an integer £„ for which vk^ {Ps — 
h o u°^"(7rs)) > (fc + whenever s < n. 

If Pn+i — hou°^"{TTn+i) = CTT^_^i mod TT^_^i for somc c e Zp , then by Lemma 
there exists a 1 < jn+i < p—^ such that hou°'''"ou°^"+^P (jTn+i) — hou°^" {iTn+i) = 
cirf^^i mod 7rJ^_|_^"'^. If on the other hand fK„^i(pri+i —ho u°^"(7r„+i)) ^ p", let 
jn+i = 0. Let £n+i = 4i + jri+iP""''- If Pn+1 ^ ho (7r„+i ) then the result 

follows trivially. Otherwise, write Pn+i — h o u°^"^+'^ {iTn+i) = Cm,n+i7r™_j_i mod 
nl^^i for some Cm.n+i G ■ Observe that if s < n + 1, then u°p (tt^) = tt^ by 
Proposition [231 so that u°^"+i(7rs) = u°^"(7rs). The choice of jn+i guarantees that 
m p"'. Therefore, by Lemma HTTl mp > min{i;x„+i (Pn — ho u°^'>+i (7r„)), fc + 1} = 
mm{vK,,^i{pn — ho u°^"(7r„)), fc + 1} = fc + 1. □ 

Proposition 4.4. Suppose Zk G GoC^p) 'with z^(0) = Ce /o?~ some k > S. If 
p — 2, suppose that Z2{x) = x + x'^ . If f o Zk{x) — Zk o f[x) = mod x*'^^ then 
f ozk{x) -Zko f{x) = mod x'^+'^. 

Proof. Write / o Zk{x) — ZkO f{x) = dx'^^^ mod x'^'^^ for some d G Zp. 
If p t fc + 1 then d G pZp by [3 Corollary 6.2.1]. 

If p I fc + 1, let m = (fc + l)/p- For each n, Lemma 14.31 allows us to write 
Pn = ZfcOu°^(7r„) + c„7r™ mod 7r™+^ for some i G Zp, where c„ G Zp is a Teichmiiller 
representative. Moreover, the choice of £ guarantees that if m — p"^^, then c„ = 0. 

Let N be the least positive integer that satisfies Uif„(ai7r]^) > (opTr^^); note 
that N > 2. By Lemma [4.31 again. cn-i = 0. Moreover, for all n > A^, we have 
mod Tr^P+'^ 

Pn-l = ^/c O U°^(7r„-l) + C„_i7r™_i Pn-l = f (pn) 

= ZfeOu°^(/(^„)) + c„_i/(7r„r = /(zfeou°^(7r„) + c„0 

= ZfeOu°^(/(^„)) + c„_i(ap<r = /(zfcOu°^(7r„)) + ap(c„OP 
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Therefore, f{zk o u°^(7r„)) + ap(c„OP = Zk o u°^(/(^„)) + c„^i(ap7rP)" mod 
and so 

ZfeOu°^(/(7r„)) -/(zfeOM°^(7r„)) 

c„ = h c„_ia"' mod 7r„ 

ftp 

Iterating this last congruence, we get 

^^it X]"=Af '^p™ = mod p for infinitely many n, and so too c„ = mod p 

for infinitely many n. Thus by Lemma |3.3[ w = Zk o mod 

Now recall that w commutes with ip by Corollary 13.171 So = o — iD o 
(^(x) = (p o Zf^ o u°^{x) — Zf; o o (^(x) mod x"^^^ . And since u commutes with w 
by Proposition 13.151 we also have p o Zk{x) — z^ o 95(2;) mod x™'^^. Therefore 

= p}ozk{xP)-Zkop{xP) modx"'P+\ 

yielding our desired result since mp = fc + 1 and p{xP) = fix). □ 
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